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1 ()
* 1986 �, Li � Yau *� [7] +,�����-���������, �����.

./ A [7] � M � �����!�"0. # u(x, t) $* M × (0, T ] %�������

-� (
Δ − ∂

∂t
− q

)
u = 0. (1.1)

 # M � Ricci &'��$ −K, 1( K ≥ 0 )2!"*.  ##*2$ p ∈M , "* θ, %*

γ(r, t), +&* M × (0, T ] %, 3 |∇q|(x, t) ≤ γ(r(x), t) , Δq ≤ θ, 1( r(x) '� p ( x �)

-, ./3
(i) �* K = 0 , limr→∞

γ(r,t)
r ≤ τ(t), ./

|∇u|2
u2

− ut

u
− q ≤ n

2
t−1 + Cτ2/3(t) +

(
n

2
θ

)1/2

.

(ii) �*+24 γ0(t), 3 γ(r, t) ≤ γ0(t), ./, +03 α ∈ (1, 2)

|∇u|2
u2

− αut

u
− αq ≤ n

2
α2t−1 + C[τ2/3

0 (t) + (α− 1)−1K + θ1/2].

3, Li–Yau ���1,�-2, 3.� [3, 5, 8, 10, 12] �4+56��7.

56%, +/301&'"0%� Laplacian 78, 2* α 393,: t �%* α(t) '8,

9�:

./ B [1, 6] �M $ n:�!�"0.# Ricci(M)≥ −K, K≥ 0. +;;��� ∂tu= Δu

�-� u � t > 0, 3
|∇ log u|2 −

(
1 +

2
3
Kt

)
(log u)t ≤ n

2t
+
nK

2

(
1 +

1
3
Kt

)
, (1.2)

|∇ log u|2 −
(

1 +
sinh(Kt) cosh(Kt) −Kt

sinh2(Kt)

)
(log u)t ≤ nK

2
(1 + coth(Kt)). (1.3)

*<%=>%?���. � G = (V,E) � 2!<, 4+, V $4$56, E $�5. 6
x ∼ y � x < y 1@, {x, y} � @7 x < y ��, ωxy � � {x, y} �A. 4$ x ��, 6
dx � , �*+ V �B!4$ x, dx =

∑
y∼x ωxy <∞, 8 G )9:3C<.

;� V %�3C<� μ : V → R, < G %� μ-Laplacian 78 Δ : R|v| → R|v| �=$
Δf(x) =

1
μ(x)

∑
y∼x

ωxy[f(y) − f(x)].

$��7�=, �� [2] +, �
∑̃

y∼xh(y) := 1
μ(x)

∑
y∼x ωxyh(y).

+: μ-Laplacian Δ, #

ωmin := inf
e∈E

ωe > 0, Dω := max
y∼x

deg(x)
ωxy

<∞, Dμ := max
x∈V

deg(x)
μx

<∞.

�� [2] +, Γ (> μ− Γ) ��78�=��
2Γ(f, g) = 2〈∇f,∇g〉(x) = (Δ(fg) − fΔg − gΔf)(x)

=
1

μ(x)

∑
y∼x

ωxy(f(y) − f(x))(g(y) − g(x)).
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C=H., D Γ(f) = Γ(f, f) = |∇f |2. E2F, Γ2 78�=$
Γ2(f, g) =

1
2
(ΔΓ(f, g) − Γ(f,Δg) − Γ(g,Δf)).

D Γ2(f) = Γ2(f, f) = 1
2ΔΓ(f) − Γ(f,Δf).

.B 1.1 [2] �*+< G�B2! x ∈ V �%* f : V → R, 1( f(x)G-, Δf(x) < 0,

3
Γ2(f)(x) − Γ

(
f,

Γ(f)
f

)
≥ 1
n

(Δf(x))2 +KΓ(f)(x),

>�HI

Γ̃2(f)(x) :=
1
2
ΔΓ(f) − Γ

(
f,

Δ(f2)
2f

)
≥ 1
n

(Δf(x))2 +KΓ(f)(x),

8 G ICD*&' - :*��� CDE(n,K).

E0FG,J�JHKK*-LML%)NI�,JM,*NO2POL,*<%QP Li–Yau

���)NQR�. RS, Bauer �*� [2] +ST��T�1!RU, &(KULM��-L0
�, VV�J�JHKK*-LML%NI�QR, 5W�D*&' - :*��� CDE(n,−K),

Æ,N*<%QP� Harnack O���, &(<%KXYPL�2!%���. W), *Z[�
,�+, :X��+\]+6�J�JH+ t KK, �� [2] +�� (4.13), (4.23), (4.24) �.

YZ&(���5� 2.4, [\*,�]�+!^^_�J�JHKK, &(�_E� Li–

Yau ���. `a, &(�� B �-L0�, &(0� (1.2) � (1.3) ����. K`, &(<%

�_E� Harnack O����<%KXYPL�%���.

2 (Q
bc, 5W78 L = Δ − ∂t. *1(, ;a24*9`�,�+b"6(�5�.

R/ 2.1 # G )2!3C (>dC) <, Δ ) G %� μ-Laplacian 78. � f : V → R I

C f(x) > 0, ./ Δf(x) = 2
√
f(x)Δ

√
f(x) + 2Γ(

√
f(x)).

FS
Δf(x) =

∑̃
y∼x

[f(y) − f(x)]

=
∑̃
y∼x

[(
√
f(y))2 − 2

√
f(x)f(y) + (

√
f(x))2 + 2

√
f(x)f(y) − 2f(x)]

= 2
√
f(x)

∑̃
y∼x

[
√
f(y) −

√
f(x)] +

∑̃
y∼x

[
√
f(y) −

√
f(x)]2

= 2
√
f(x)Δ

√
f(x) + 2Γ(

√
f(x)).

,c.

R/ 2.2 [2] # G )2!3C (>dC) <, *4$ x d, f : V → R IC f(x) > 0, ,

Δf(x) < 0. ./

(i)
∑̃
y∼x

f(y) < Dμf(x); (ii)
∑̃
y∼x

f2(y) < DμDωf
2(x).
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R/ 2.3 [2] � G )2!3C (>dC) <, ,%* g, F : V × [0, T ] → R. # g(x, t) ≥ 0,

F (x, t) * (x∗, t∗) ∈ V × [0, T ] d32!9:KUL, t∗ �= 0. ./

L(gF )(x∗, t∗) ≤ L(g)F (x∗, t∗).

R/ 2.4 � G)2!3C (>dC)<, Δ$ G%� μ-Laplacian78.#+03� x ∈ V

� t > 0, Δu < 0, , q = q(x, t) IC Γ(q) ≤ η2, 1( η ≥ 0 )2!"*, ./3
(1) 2Γ(

√
u, q

√
u) + 2q

√
uΔ

√
u− Δ(qu) ≥ −ηu√2Dμ;

(2) qΔu− Δ(qu) > −ηu√2DμDω.

FS N< G % μ-Laplacian 78 Δ ��=, 3
2Γ(

√
u, q

√
u)+2q

√
uΔ

√
u−Δ(qu)

=
∑̃
y∼x

(
√
u(y) −

√
u(x))(q(y)

√
u(y) − q(x)

√
u(x))

+ 2q(x)
√
u(x)

∑̃
y∼x

(
√
u(y) −

√
u(x)) −

∑̃
y∼x

(q(y)u(y) − q(x)u(x))

=
∑̃
y∼x

[q(y)u(y)−q(y)
√
u(x)u(y)−q(x)

√
u(x)u(y)+q(x)u(x)]

+
∑̃
y∼x

[2q(x)
√
u(x)u(y) − 2q(x)u(x)] −

∑̃
y∼x

[q(y)u(y) − q(x)u(x)]

= −
∑̃
y∼x

[q(y) − q(x)]
√
u(y)u(x)

≥ −
√

2Γ(q) ·
√̃∑

y∼x

u(y) ·
√
u(x) (2.1)

≥ −ηu√2Dμ. (2.2)

1(, ��� (2.1) N Cauchy–Schwarz ���&a, ��� (2.2) N5� 2.2 &a.

6eT��J, 39,�M5�+�e 2 !���:

qΔu− Δ(qu) = q(x)
∑̃
y∼x

[u(y) − u(x)] −
∑̃
y∼x

[q(y)u(y) − q(x)u(x)]

= −
∑̃
y∼x

[q(y) − q(x)]u(y) ≥ −
√̃∑

y∼x

[q(y) − q(x)]2 ·
√̃∑

y∼x

u2(y)

> −
√

2Γ(q) · √DμDωu > −ηu√2DμDω.

,c.

3 UVW Li–Yau XYZ
3.1 [\]^ [2] B] Li–Yau _`a

./ 3.1 # G $2!3C<, u = u(x, t) ) G %��� (L − q)u = 0 �2!-�. �+

03� x ∈ V � t ≥ 0, q = q(x, t) IC Γ(q) ≤ η2.
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(1) �* G IC CDE(n, 0), ./+03 t > 0,

Γ(
√
u)

u
−

∂
∂t

√
u√
u

− q

2
≤ n

2t
+

1
2

√
nη

√
2Dμ.

(2) �* G IC CDE(n,−K), K ≥ 0, � 0 < α < 1, ./+03 t > 0,

(1 − α)Γ(
√
u)

u
−

∂
∂t

√
u√
u

− q

2
≤ n

2t(1 − α)
+

1
2
C′(α, n,K, η,Dμ,Dω),

1( C′(α, n,K, η,Dμ,Dω) =
√

(nK
α )2 + nη

√
2Dμ + n α

1−αη
√

2DμDω.

�� 3.1 �,�<� [2, �� 4.10] �,�0"fg, bcd65� 2.4 h'8� [2] +��
(4.12), (4.13) �6J�JHKK�I�. *1(�e;a/i,�.

./ 3.2 # G $2!3C (>dC) <, x0 ∈ V . +:%* q(x, t) IC Γ(q) ≤ η2, �*

d(x, x0) < 2R, R > 0, � u : V × R → R $��� (L− q)u(x, t) = 0 �2!-�. �* G IC
CDE(n,−K), K > 0, ./+03 t > 0, *9 x0 $+f R $fg�jk, + 0 < α < 1, 3

(1 − α)Γ(
√
u)

u
−

∂
∂t

√
u√
u

− q

2
≤ n

2t(1 − α)
+

2nDμ

R(1 − α)
+

1
2
C′(α, n,K, η,Dμ,Dω),

1( C′(α, n,K, η,Dμ,Dω) =
√

(nK
α )2 + nη

√
2Dμ + n α

1−αη
√

2DμDω.

N�� 3.1 �� [2, �� 4.15] �,�lm, g,�� 3.2, ,�[n.

G 3.3 (1) *%?o!��,�+, N5� 2.4, 39hi^_6J�JHKK.

(2) 39jk�� 3.1 <� [2, �� 4.10], �� 3.2 <� [2, �� 4.15], gG√
nψ

√
2DμDω <

√
n(ϑ+ η

√
2Dμ(Dω + 1)), C′ < C.

JM, p[�-*j� [2] +�-*lmq.

3.2 �h./ B ]ijka
;� C1 %* c(t) : (0,∞) → (0,∞), Æ# c(t) IC��rn:

(A1) +;; t > 0, c(t) ≥ e−2Kt, c′(t) < 0, , limt→0 c(t) = 1;

(A2) +;; T > 0, C(t) = − c′(t)
c(t) *sL [0, T ] %@l3o. `a, �

α(t) = −
∫ t

0

C(t)dt+ 2Kt+ 1.

t], α(t) > 1.

./ 3.4 # G $3C<, u = u(x, t) )< G %��� (L− q)u(x, t) = 0 �-�.  #+

03� x ∈ V � t ≥ 0, q = q(x, t) IC Γ(q) ≤ η2. �*+ K ≥ 0, G IC CDE(n,−K), ./+

;; t > 0, 3
Γ(

√
u)

u
− α(t)

∂
∂t

√
u√
u

− α(t)q
2

≤ Dμ − nK + 1
2

+
nC(t)

8

+
1

2C(t)
[η

√
2Dμ + (α(t) − 1)η

√
2DμDω + nK2].

u]_E�� 3.1 �,�, v,��� 3.4. ,��lmvm:� [11] � [4].
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FS bc, �

H = c(t) ·
[
2Γ(

√
u) − α(t)ut

u
− α(t)q

]
. (3.1)

N ut = Δu− qu �5� 2.1, &

H = c(t) · 2Γ(
√
u) − α(t)Δu
u

= c(t) · (1 − α(t))Δu− 2
√
uΔ

√
u

u
.

p� T , #*sn V × [0, T ] k H * (x∗, t∗) dw&KUL, \,39# H(x∗, t∗) > 0, E\,

t∗ > 0 , Δ
√
u(x∗, t∗) < 0. 9�03��7qx$)*$ (x∗, t∗) dEo�. N5� 2.3, w

H = u, &

c (t∗)[(1 − α(t∗))qΔu− 2q
√
uΔ

√
u]

= quH = L(u)H ≥ L(uH)

= −c
′(t∗)uH
c(t∗)

+ c(t∗)
[
2ΔΓ(

√
u) − 4Γ

(√
u,

∂
∂t (u)
2
√
u

)
+ α′(t∗)Δu− α(t∗)ΔL(u)

]
= −c

′(t∗)uH
c(t∗)

+ c(t∗)[4Γ̃2(
√
u) + 2Γ(

√
u, q

√
u)) + α′(t∗)Δu− α(t∗)Δqu].

p�%�, &

0 ≥ −c
′(t∗)uH
c(t∗)

+ c(t∗)[4Γ̃2(
√
u)]

+ c(t∗)[2Γ(
√
u, q

√
u) + α′(t∗)Δu− α(t∗)Δqu+ (α(t∗) − 1)qΔu+ 2q

√
uΔ

√
u]

= −c
′(t∗)uH
c(t∗)

+ c(t∗)[4Γ̃2(
√
u) + α′(t∗)Δu]

+ c(t∗)[2Γ(
√
u, q

√
u) + 2q

√
uΔ

√
u− Δqu] + c(t∗)(α(t∗) − 1)(qΔu− Δqu)

≥ −c
′(t∗)uH
c(t∗)

+ c(t∗)[4Γ̃2(
√
u) + α′(t∗)Δu]

+ c(t∗)[−ηu√2Dμ − (α(t∗) − 1)ηu
√

2DμDω]. (3.2)

w

ϕ =
nc′

2c
+ nK. (3.3)

N (3.2), (3.3) ÆÆ6 CDE(n,−K) ���, &

0 ≥ −c
′(t∗)uH
c(t∗)

+ c(t∗)
[
4u
n

(
Δu− 2Γ(

√
u)

2u

)2

− 4KΓ(
√
u) + α′(t∗)Δu

]
+ c(t∗)[−ηu√2Dμ − (α(t∗) − 1)ηu

√
2DμDω]

≥ −c
′(t∗)uH
c(t∗)

+ c(t∗)
[
− 2ϕ

n
(Δu− 2Γ(

√
u)) − uϕ2

n
− 4KΓ(

√
u) + α′(t∗)Δu

]
+ c(t∗)[−ηu√2Dμ − (α(t∗) − 1)ηu

√
2DμDω]

= −c
′(t∗)uH
c(t∗)

+ c(t∗)
(
α′(t∗) − 2ϕ

n

)
Δu+ c(t∗)

(
4ϕ
n

− 4K
)

Γ(
√
u) − c(t∗)ϕ2

n
u

+ c(t∗)[−ηu√2Dμ − (α(t∗) − 1)ηu
√

2DμDω]. (3.4)
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39Æ,
c(t∗)

(
α′(t∗) − 2ϕ

n

)
= 0; (3.5)

c(t∗)
(

4ϕ
n

− 4K
)

= 2c′(t∗) < 0. (3.6)

`a, N5� 2.2, &

Γ(
√
u(x∗, t∗)) =

1
2

∑̃
y∼x∗

(
√
u(y, t∗) −

√
u(x∗, t∗))2 ≤ 1

2

∑̃
y∼x∗

(u(y, t∗) + u(x∗, t∗))

<
Dμ + 1

2
u(x∗, t∗). (3.7)

N (3.4)–(3.7), &

−c
′(t∗)H
c(t∗)

≤ −(Dμ + 1)c′(t∗) + c(t∗)[η
√

2Dμ + (α(t∗) − 1)η
√

2DμDω] +
c(t∗)ϕ2

n
. (3.8)

N (3.3) � (3.8), &

H ≤ c(t∗)(Dμ− nK + 1) +
−nc′(t∗)

4
+

c2(t∗)
−c′(t∗) [η

√
2Dμ + (α(t∗) − 1)η

√
2DμDω + nK2].

J$ ∂
√

u
∂t = 1

2
√

u
∂u
∂t , C(t) = − c′(t)

c(t) , &

Γ(
√
u)

u
− α(t∗)

∂
∂t

√
u√
u

− α(t∗)q
2

≤ Dμ− nK + 1
2

+
nC(t∗)

8
+

1
2C(t∗)

[η
√

2Dμ + (α(t∗) − 1)η
√

2DμDω + nK2]. (3.9)

N: T );;�, ,c.

./ 3.5 # G$3C (>dC)<,, x0 ∈ V . �* d(x, x0) < 2R (R > 0),� u : V ×R →
R $ (L− q)u(x, t) = 0 �-�, 1( Γ(q) ≤ η2. Ma, �* G IC CDE(n,−K), K > 0, ./

+03 t > 0,

Γ(
√
u)

u
−α(t)

∂
∂t

√
u√
u

−α(t)q
2

≤ −C
C −Dμ

(nK +Dμ + 1) +
2Dμα(t)

R

+
1

C−Dμ
[η

√
2Dμ+(α(t)−1)η

√
2DμDω+nK2]+

nC2

4(C−Dμ)
,

1( C(t) = − c′
c > Dμ.

FS �=%* φ : V → R $

φ(v) =

⎧⎪⎪⎨⎪⎪⎩
0, d(v, x0) > 2R,
2R− d(v, x0)

R
, 2R ≥ d(v, x0) ≥ R,

1, R > d(v, x0).

w

G = c(t)φ
[
2Γ(

√
u) − α(t)ut

u
− α(t)q

]
= c(t)φ

[
2Γ(

√
u) − α(t)Δu
u

]
= c(t)φ

[
2(1 − α(t))Γ(

√
u) − 2α(t)

√
uΔ

√
u

u

]
= c(t)φ

[
(1 − α(t))Δu− 2

√
uΔ

√
u

u

]
. (3.10)
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p� t∗,#*sn V ×{t∗ k G* (x∗, t∗)dw&KUL, \,39# G(x∗, t∗) > 0,E\, t∗ > 0

, Δ
√
u(x∗, t∗) < 0. 9�03��7qx$)*$ (x∗, t∗) dEo�. =>�yoqz{:

rk (a) φ(x∗) = 1
R , sr d(v, x0) = 2R− 1, 3

G(x∗, t∗) = c(t∗)φ
[
2(1 − α(t∗))Γ(

√
u) − 2α(t)

√
uΔ

√
u

u
(x∗, t∗)

]
≤ 2α(t∗)c(t∗)φ

−Δ
√
u(x∗, t∗)√

u(x∗, t∗)
.

N� [2] &
−Δ

√
u(x∗, t∗)√

u(x∗, t∗)
< Dμ.

JM3
G(x, T ) ≤ G(x∗, t∗) ≤ 2Dμα(t∗)c(t∗)

R
≤ 2Dμα(T )c(T )

R
≤ 2Dμα(T )

R
.

rk (b) φ(x∗) = s
R , 1( s ≥ 2, r d(v, x0) = 2R − s. 9�03��7qx$)*$

(x∗, t∗) dEo�. N5� 2.3, � F = u
φ , 3

L

(
u

φ

)
G ≥ L

(
uG

φ

)
= L(uH),

1( H �=� (3.1).

L(uH) = −c
′(t∗)uH
c(t∗)

+ c(t∗)
[(

2ΔΓ(
√
u) − 4Γ

(√
u,

∂
∂t (u)
2
√
u

)
+ α′(t)Δu− α(t)ΔL(u)

)]
.

`2�y, s φ(x∗) = s
R O, 3

L

(
u

φ

)
=

∑̃
y∼x

(
u(y, t)
φ(y)

− u(x, t)
φ(x)

)
− ∂

∂t

(
u(x, t)
φ(x)

)

=
∑̃
y∼x

(
u(y, t)
φ(y)

− u(x, t)
φ(x)

)
− 1
φ(x)

(Δu− qu)

=
∑̃
y∼x

(
u(y, t)
φ(y)

− u(x, t)
φ(x)

)
− 1
φ(x)

∑̃
y∼x

(u(y, t) − u(x, t)) +
qu

φ(x)

=
∑̃
y∼x

(
1

φ(y)
− 1
φ(x)

)
u(y, t) +

qu

φ(x)

≤
∑̃
y∼x

∣∣∣∣ 1
φ(y)

− 1
φ(x)

∣∣∣∣u(y, t) +
qu

φ(x)
. (3.11)

s φ(x∗) = s
R O, +;; y ∼ x∗, 3 φ(y) = s±1

R > φ(y) = s
R . tu, 3∣∣∣∣ 1

φ(y)
− 1
φ(x)

∣∣∣∣ ≤ R

s(s− 1)
≤ 1
φ(x∗)

.

N5� 2.2, 3
L

(
u

φ

)
G ≤ Dμu(x, t)G

φ
+
quG

φ

=
Dμu(x, t)G

φ
+ β[(1 − α(t))qΔu− 2q

√
uΔ

√
u]. (3.12)
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w ϕ = nc′
2c + nK, Æ6 CDE(n,−K) ���, &

0 ≥ −c
′(t∗)uG
c(t∗)φ

− DμuG

φ
+ c(t)[4Γ̃2(

√
u) + α′(t)Δu]

+ c(t)[2Γ(
√
u, q

√
u) + 2q

√
uΔ

√
u− Δqu] + β(α(t∗) − 1)(qΔu− Δqu)

≥
(
− c′

c
−Dμ

)
· uG
η

+ c′(Dμ + 1)u

+ c[−ηu√2Dμ − (α(t∗) − 1)ηu
√

2DμDω] − cϕ2

n
u. (3.13)

p�%�, &

(−c′ − cDμ)
[
2Γ(

√
u) − α(t)ut

u
− α(t)q

]
≤ c′(nK +Dμ + 1) + c[η

√
2Dμ + (α(t) − 1)η

√
2DμDω + nK2] +

nc′2

4c
, (3.14)

1( C(t) = − c′
c > Dμ. 3

Γ(
√
u)

u
−α(t)

∂
∂t

√
u√
u

−α(t)q
2

≤ −C
C −Dμ

(nK +Dμ + 1) +
2Dμα(t)

R

+
1

C−Dμ
[η

√
2Dμ+(α(t)−1)η

√
2DμDω+nK2]+

nC2

4(C−Dμ)
.

,c.

3���=:

.B 3.6 � (G,V ) � 2!<, IC CDE(n,−K) ���, 1( K ≥ 0. 8 φ : V → [0, 1]

)2!9 x0 ∈ V $+f (c,R)- |tu%*, �**56 S ⊂ V % φ(x0) = 1, * x ∈̄S %
φ(x) = 0, ,+;; x ∈ S,

(1) >v φ(x) < m(1+R
√

K)
2R2 ;

(2) >v φ * v �X}nk#*, φ2(x)Δ 1
φ (x) ≤ Dμ

m(1+R
√

K)
R2 � φ3(x)Γ( 1

φ )(x) ≤ Dμ
m
R2 ,

1( m = m(n) v< n 3,.

p[3�y��:

./ 3.7 # G(V,E) $IC CDE(n,−K) ����<, 1( K ≥ 0. � R > 0 ,p�

x0 ∈ V . # G *56 S ⊂ V %32!9 x0 $+f� (c,R)- |tu%*. �* x ∈ S, q(x, t) I

C Γ(q) ≤ η2, � u : V × R → R $ (L− q)u(x, t) = 0 �-�. ./, +03 t > 0, 3
Γ(

√
u)

u
−α(t)

∂
∂t

√
u√
u

−α(t)q
2

≤ C

C −A
(Dμ − nK + 1) +

m(1 +R
√
K)Dμα(T )
R2

+
1

C−A [η
√

2Dμ+(α(t)−1)η
√

2DμDω+nK2] +
nC2

4(C−A)
,

1( A = Dμ
m(1+R

√
K)

R2 + (1 +Dω)
√

1 +Dμ

√
2Dμ

m
R2 , C(t) = − c′

c > A.

FS w

G = c(t)φ
[
2Γ(

√
u) − α(t)ut

u
− α(t)q

]
= c(t)φ

[
2Γ(

√
u) − α(t)Δu
u

]
= c(t)φ

[
2(1 − α(t))Γ(

√
u) − 2α(t)

√
uΔ

√
u

u

]
. (3.15)
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p� t∗, #*sn V × t∗ k G * (x∗, t∗) dw&KUL, \,39# G(x∗, t∗) > 0, E\, t∗ > 0

, Δ
√
u(x∗, t∗) < 0. 9�03��7qx$)*$ (x∗, t∗) dEo�. =>�yoqz{:

rk (a) φ(x∗) < m(1+R
√

K)
2R2 . 3

G(x∗, t∗) = c(t∗)φ
[
2(1 − α(t∗))Γ(

√
u) − 2α(t)

√
uΔ

√
u

u
(x∗, t∗)

]
≤ 2α(t∗)c(t∗)φ

−Δ
√
u(x∗, t∗)√

u(x∗, t∗)
<
m(1 +R

√
K)Dμα(T )
R2

. (3.16)

rk (b) �= 3.6 �ewrSP. 9�03��7qx$)*$ (x∗, t∗) dEo�. N�
� 3.5 �,�, &

L

(
u

φ

)
G ≥ −c

′

c
· uG
φ

+ c

[
2ΔΓ(

√
u) − 4Γ

(√
u,

∂
∂t (u)
2
√
u

)
+ α′(t)Δu− α(t)ΔL(u)

]
. (3.17)

`2�y, N� [2, (4.23)], &

L

(
u

φ

)
≤ qu

φ
+ uΔ

1
φ

+ 2

√
Γ
(

1
φ

)
·
√

Γ(u). (3.18)

N (3.17) � (3.18), &

c [(1 − α(t))qΔu− 2q
√
uΔ

√
u] + uGΔ

1
φ

+ 2G

√
Γ
(

1
φ

)
·
√

Γ(u)

≥ −c
′

c
· uG
φ

+ c

[
2ΔΓ(

√
u) − 4Γ

(√
u,

∂
∂t (u)
2
√
u

)
+ α′(t)Δu− α(t)ΔL(u)

]
. (3.19)

p�%�, &

c′

c
· uG
φ

+ uGΔ
1
φ

+ 2G

√
Γ
(

1
φ

)
·
√

Γ(u)

≥ c[4Γ̃2(
√
u)+α′(t)Δu]+c[2Γ(

√
u, q

√
u)+2q

√
uΔ

√
u−Δqu]+β(α(t∗)−1)(qΔu−Δqu)

≥ c′(Dμ + 1)u+ c[−ηu√2Dμ − (α(t∗) − 1)ηu
√

2DμDω] − cϕ2

n
u. (3.20)

6 cφ2

u hx%�, N� [2, (4.25), (4.26)], &

c′φG+ cGφ2Δ
1
φ

+ βG

√
2φ3Γ

(
1
φ

)
·
√
φ

2Γ(u)
u2

≤ c′φG+ cGDμ
m(1 +R

√
K)

R2
+ cG(1 +Dω)

√
2Dμ

m

R2
·
√
φ

2Γ(
√
u)

u

≤ c′G+ cGDμ
m(1 +R

√
K)

R2
+ cG(1 +Dω)

√
1 +Dμ

√
2Dμ

m

R2

= (c′ + cA)G, (3.21)

1(
A = Dμ

m(1 +R
√
K)

R2
+ (1 +Dω)

√
1 +Dμ

√
2Dμ

m

R2
.
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s C(t) = − c′
c > A O, N (3.16), (3.20) � (3.21), 3

Γ(
√
u)

u
−α(t)

∂
∂t

√
u√
u

−α(t)q
2

≤ C

C −A
(Dμ − nK + 1) +

m(1 +R
√
K)Dμα(T )
R2

+
1

C−A [η
√

2Dμ+(α(t)−1)η
√

2DμDω+nK2]+
nC2

4(C−A)
.

,c.

w 3.8 N�� 3.4, 3.5 � 3.7, yzICrn (A1) � (A2) ��e� c(t), ;a2498.

(1) w c(t) = e−Kt. N�� 3.4 &

Γ(
√
u)

u
− (1 +Kt)

( ∂
∂t

√
u√
u

− q

2

)
≤ C1 + C2t, (3.22)

1( C1 = Dμ+1
2 + nK

8 +
η
√

Dμ

2K , C2 =
η
√

DμDω

2 . N�� 3.5 � 3.7, \]39&(��� (3.22),

W1( C1 � C2 3{|.

(2) w c(t) = esinh−1(Kt), gG c′(t) < 0, C(t) = K sinh−2(Kt) cosh(Kt). N�� 3.4 &

Γ(
√
u)

u
− (1 + 2Kt+ sinh−1(Kt))

( ∂
∂t

√
u√
u

− q

2

)
≤ Dμ + 1

2
+

(
coth(Kt)csch(Kt)

8
+

tanh(Kt)sech(Kt)
2

− 1
)
nK

+
tanh(Kt)sech(Kt)

2K
[η

√
Dμ + (2Kt+ sinh−1(Kt))η

√
DμDω].

N�� 3.5 � 3.7, 3&fg-*.

4 UVW Harnack xXYZ
bc, }� [11, 5� 5.1] �� [2, 5� 5.3] �,�-6*2H, 3&��5�.

R/ 4.1 +;; α(t) > 0 �%* χ, q1, q2 : [T1, T2] → R, 3
min

s∈[T1,T2]
χ(s) − 1

α(t)

∫ T2

s

χ2(t)dt+
∫ s

T1

q1(t)dt+
∫ T2

s

q2(t)dt

≤ 2
∫ T2

T1
ds

∫ s

T1
α(u)du

(T2 − T1)3
+

∫ T2

T1

[
q2(t)

∫ t

T1

φ(s)ds+ q1(t)
∫ T2

t

φ(s)ds
]
dt,

1( φ(s) = 2
∫ s

T1

1
α(t)dt.

N%?5�, ,yz� [11, �� 5.2] �� [2, �� 5.1] �,�, &�y Harnack ���.

./ 4.2 # G = (V,E) $2!<, +: x0 ∈ V , , x ∈ B(x0, R), R ≥ 0, %* α(t) > 1, χ,

3 f : V × R → R, IC
Γ(f)
f2

(x, t) − α(t)
∂
∂tf

f
(x, t) − α(t)q(x, t) ≤ χ(t).

./, +: T1 < T2 , x, y ∈ V , 3
f(x, T1) ≤ f(y, T2) · exp

( ∫ T2

T1

χ(t)
α(t)

dt

)
+ �q,x0,R,μmax,ωmin(x1, x2, T1, T2),
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1(

�q,x0,R,μmax,ωmin(x1, x2, T1, T2) = inf
{ k−1∑

i=0

4μmaxk
3

ωmin(T2 − T1)3

∫ ti+1

ti

ds

∫ s

ti

α(u)du

+
k−1∑
i=0

(∫ ti+1

ti

[
q(xi+1, t)

∫ t

ti

φ(s)ds+q(xi, t)
∫ ti+1

t

φ(s)ds
]
dt

)}
.

N%? Harnack ���, -6� [2, 7.2 Z], 3&3C< G %�KXYPL�2!%���.

./ 4.3 # G = (V,E)$2!3C<,IC CDE(n,−K)���,,K > 0. � 0 < α < 1,

3
λ1 ≤ max{C

√
Kh, C2h2},

1( C v< n � μmax 3,.

Hy +~~�� Nz��{.
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