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1 58

£ 1986 4F, Li 1 Yau 7E3C [7] FIER] 7RI IEMRI B A SE S, o e 2.
T AT 4 M FRAGHROTAIIE. B u(z, t) HEE M x (0,T] LH TR
A

<Aaatq>u—0. (1.1)

B M {4 Ricci R THN —K, XH K >0 2 —MHE BIZGEE S pe M, W 0, miL
y(r,t), FHE M x (0,T] B,  |Vq|(z,t) <~(r(x),t) H Ag < 0, XH r(z) 3 p B = fhE
B, Wk

(1) TR K =0 H limy_oo 229 < 7(1), #54

'VUZP - % —q< gt_l + O () + (ga>1/2.
(ii) WRXT—2E 1o (t), F y(r,t) < (1), B4, MPFf a e (1,2)
Vul>  aw
u? U
A Li-Yau RERMIALES, v0LC [3, 5, 8, 10, 12] AIHAE]HHSCE.
Pz b, MRAIERITERGIE BB Laplacian 57, 280 o FJRABECT ¢ ATR%L o(t) AU,

—ag < gaQt_l + C[Tg/s(t) +(a— 171K + 612,

il
FE B & M ko FRSEATIE. % Riccd(M) > —K, K> 0. SHMEERTRE Oju = Au
HITEfGE u fll t >0, &
2 K 1
|V log ul? — <1+3Kt> (logu) < ;t+712(1+3Kt), (1.2)
5 sinh(Kt) cosh(Kt) — Kt nkK
_ < — . .
|V log u| (1 + Snb2 (K1) (logu) < 5 (14 coth(Kt)) (1.3)

TEE EHE EAAREX. 4 G = (V.E) Fom—AE, K, V ylisds, £ oyhsk H
o~y B o 5y ME, {z,y} FoREE ¢ 5y 38, wey FoRA {z, v} BIBL TR 2 B, A
dy Z7R, WRXT V AT, 2, do =32, ., way < 00, B G ZRHARIEL

%V ERABRINE 1V — R, B G B p-Laplacian 51F A : RV — R 52 3k

1
Af(z) = ) ;ny[f(y) — f(2)].
BT HFTRE, W30 [2) 4 3, () = ks 3 weyh(y).
X1+ u-Laplacian A, 1%
deg()

Wmin = inf we >0, D, = max ——— < oo, D, := max
ecE y~T Wey zeV Mg

wsc (2] L T (K p — 1) BREESTF R ST

20(f,9) = 26V, Vg)(x) = (A(fg) — fAg — gAf)(x)
1

= 7 2wl ) = @) 9(w) ~ 9(x).

y~z
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RIERIL, 32 T(f) = T(f, /) = [VIP. #E—t, Ty SIFREY
Pa(f,9) = 5(AT(f,6) ~ (7, Ag) - T(g, A))

i To(f) =Ta(f, f) = 3AL(f) = T(f, Af).
TN 1.1 UERTE G A 2 e V FIEE f: V — R, X f(x) fHIEH Af(2) <0,

#
(7)) (182 > Lias? + ko)
S I
W 1 NP
R = 54000 - 1(£.502) > Larwr + kr).

B Gl R - 450R% K CDE(n, K).

AR, BRI SAE B RS 18] BRI, BRI, 2R —Beit ], 72 L7 Li-Yau
ANFEARARFMER . JTHH, Baver S87E3C [2] FRRIAGARDE T X AHMERT, 153 SR (E R PR A B H0E
2, TR T AR SR S B A 1A]_ B S R ME, SN T HeRh K - 4E5UAR% R CDE(n, —K),
I H A 7EE L@ LAY Harnack AU, 551K E i/ MFEER —A ERE T (B2, =i
HER R, 34T R R T B R ¢ SRS, e (2] HRO5 R (4.13), (4.23), (4.24) %

AYRENT THGI 2.4, AR T RE A 58 kb T sk 0K S, B8] T dofay Li-
Yau RZ. AN, BEIEM B fEEOER, BRI (1.2) f1 (1.3) WA%ER. &5, B23F L
AR Harnack BURSEXANE Ei/ MEIEER EAAGTT

2 5|

B GIANSIT L=A -0, M H, 43 —HAELUSAIERT 2w H 2R 5|2
513 2.1 &G RAKR (BER) B, A & G EfY p-Laplacian 517~ 4 f 1V — R
R f(x) >0, HA Af(x) =2/ f(2)Ay/ f(z) + 20(V/ f ().

5
Af(z) = [fy) - f(@)]
= SUIVFW)? - 2T + (VF@)? + 2/ F@ @) - 2f (@)
— 2T S WIW - VI@ + S W - VIR
— 2 /TR AV + 20/ @),
i

53 2.2° % G E AR (SR B, ETE o &, f V- RERE f(o) >0, H
Af(x) <0. B4

() S F) < Duf@); () S /() < DuDuf(w).

y~z Y~z
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538 2.3 B & G RE-AMHR (SER) K, HE% g, F : V < [0,T] — R. & g(z,t) >0,
F(z,t) 1€ (a*,1%) € V x [0, T] &bA — el KIE, ¢t # 0. A4

L(gF)(«",t%) < L(g)F(z", t").

5B 24 4 GEMAMR (BLR) B, A B G LAY p-Laplacian 55 AT AR © € V
it >0, Au<0, H g=qlz,t) WE T(g) <n°, XH n >0 Z2—PHEL LA
(1) 20 (Vu, qv/u) + 2q/uldy/u — A(qu) > —nu\/2D,,;
(2) gAu— A(qu) > —nu\/2D,D,,.
WEBA & G L p-Laplacian 57 A ByE X, A
2T (Vu, gv/u)+2gV/ul/u—A(qu)

—_—

=Y (Vuly) = V(@) (a(y)Vuly) - a(z)/u(w))

" zm@?@ ~ V@) §<q<y>u<y> ~ ()
:?Z::[q(y)U(y)—q(y)\/m—q(x)\/erq(x)U(w)]
+§[2q<x>¢m — 2q(@)u(w) —:Z:j:[q@)wy) ~ g(a)u()
- :f;q@) — 4(@)Valyul@)
> V@[Sl V@ )
e 22)

SCHL R (2.1) B Cauchy Schwarz R% a0, R%at (2.2) 317 2.2 B,
FRBER 738, TTRLERTIS Ry 55 2 AR

—_—

gAu— Aqu) = (@)Y _[u(y) — u(@)] = Y _la(y)u(y) — q(z)u(z)]

y~zx y~z

= —fz\:/[q(y) = q(x)]uly) = —\/i[q(y) — q(x))?- \/ff@ﬂ(y)

> —+/2I'(q) - /D, Dyu > —nu+/2D,D,,.

EEE.

3 BELAY Li-Yau RER

3.1 BGHEYX [2] PHY Li-Yau R
I 3.1 B G H—AERE, v = u(z.t) B G ERIE (L — qu = 0 f—AEM A%
FhHy o € V Al E> 0, g = gl 1) WA T(g) < .



6341 M B LRy Li-Yau A8 —HEE 957

(1) {5 G W& CDE(n,0), ARAXFFA t > 0,
P(Vu) FHVu g_mn 1
o T2 Sg TVl
(2) WA G W2 CDE(n, —K), K >0, % 0<a <1, IRAXPAH t >0,
(1-al(Vu) Hvu
u  Vu
XH C'(a,n, K,n, Dy, D) = \/(%)2 +nn\/2D,, + n2n\/2D, Dy,

S 3.1 BRI S 2, B 4.10) AEERIAERJE0], R BIR 2.4 SRS (2] TR
(4.12), (4.13) S HEEENER AT 78X BN 1 BARIER.

FIE 3.2 % G H AR EER) E, 20 € V. MFEE q(z,t) WL T(g) < n?, IR
d(z,70) <2R, R>0,% u:V xR — R FMFRE (L — Qu(x,t) =0 FI—NIEM R G e
CDE(n, -K), K > 0, IRAXPrA t > 0, 7ELL o Rl R FERERA, M 0<a <1, A

(1-a)T(Vu) FVu n 2nD,,
u T 21 —a)  R-a)
xXH C'(a,n,K,n,D,,D,) = \/(%)2 +nny/2D, +n1%=n./2D,D.,,.

R 3.1 FISC (2, P 4.15]) FIERA RS, ZiEaE s 3.2, R .

& 3.3 (1) 7E WA @ BRI, TR 2.4, AT LA R G F R R

(2) ATRALCE e 3.1 53¢ (2, EH 4.10], @8 3.2 53¢ [2, @ 4.15], Bl

\/n¥\/2D, D, < \/n(ﬂ +m/2D, (D, + 1)), C'<C.
PRI, FRATTRI AR (2] Hi 2 SR SR 2.
3.2 B L¥E B HWEHHR
Si5E C B c(t) : (0,00) — (0,00), I c(t) WL THIA M
(A1) SHERE ¢ > 0, c(t) > e 2K /(t) <0, H limy_qc(t) = 1;
(A2) XHERE T >0, O(t) = <8 EK [0, 7] L&SAL 54h, 4

q n 1.,
It L ¢ K,n,D,,D.),
2 S oo T2 @n Kon Dy, Do)

1
_%S +§C/(aan»Ka77aD;qu)»

aft) = — /Ot O(t)dt + 2Kt + 1.

AR, a(t) > 1.

EIE 3.4 &% G HAERAE, u=u(zt) EE G EHFTRE (L — qu(z,t) = 0 FIIEME. Bzt
Fraf zeV flt>0,q=q(z,t) e T(g) <n? WHEX K >0, G e CDE(n, —K), 2%t
EEt>0,F

PWa) o AVE al)g_ Du—nK+1  nC()
u _O‘(t)a\/a Ty = 2 T3

+ %(t)[n 2D, + (a(t) — 1)n\/2D,D,, + nK?).

T E R 3.1 AYIERA, IERTE R 3.4, UERA R BRI TS [11] 1 [4].
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A HYE 4
H=c(t)-

B o = Au— qu fI5|H 2.1, 15

H = c(t) 2T (Vu) ; a(t)Au _ o). (1- a(t))Aq;— 2 ulvu
[ T, BAERKI V x [0.T) W H AE (a7, 1) AT R, T HATAR H (2", 1) > 0, 3,
>0 H Avu(e™,t*) < 0. DITFRTABHHEIAARTES (o, %) AhyETag. dgle 2.3, 5
H =u, %

c(t)[(1 — a(t"))gAu — 2¢v/uA/u]
=quH = L(u)H > L(uH)
fic/(t*)UH ot ) — o %(u) o (Y Au— ot y
=Ty T (t )[QAF(\W) 4F<f, 2\/5) +o/(t)A (t*)AL(u)

()Y uH

=~y EAT(Va) + 2D (Vat, gv) + o/ () Au — alt) Agul.

1, 7
0> AN |yt (v

+c(t) 20 (Vu, gv/u) + o' (t*) Au — a(t*) Aqu + (a(t*) — 1)gAu + 2¢v/ul/u)
= R el (v + ()
()P (Vi /i) + 20VEAE — Agu] + e(t*) (0 (t") — 1)(ghu — Aqu)

>~ S A + ()
+ c(t*)[~nu\/2D,, — (a(t*) — 1)nu\/2D, D). (3.2)
E‘X /
= % +nkK. (3.3)

B (3.2), (3.3) M CDE(n, —K) K%K, 15
_C@NuH e [ (Bu =GN A
0> ) +(t)[n< 50 ) 4KT(Vu) + (t)A]

+ ¢(t*)[-nu\/2D,, — (a(t*) — 1)nuy/2D,,D,,]

> C'fgt)f)‘H +e(th) [ - %‘F’(Au — (V) — “T‘pz —AKT(Va) + o/(t*)Au]
+ c(t")[—nu+/2D, — (at*) — 1)nus/2D, D,

@)l oy — 22 Ay ey (22 - e’

= ot + (t)( (t%) n)A + (t)(n 4K)F(\/—) -

+ c(t*)[—nu/2D,, — (a(t*) — 1)nuy/2D,, D). (3.4)
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LT
ot (o/(t*) _ %) ~0 (3.5)
c(t™) <4%0 — 4K> =2J(t") <0 (3.6)

t (3.4)-(3.7), 13

—Cc(zt))H < —(Dy + 1) () + e(t*)n/2D,, + (a(t*) — /2D, Do) + c(t;)@z (3.8)
H (3.3) 1 (3.8), 1%
H < ¢(t*)(Dp—nK +1) + _nc;(t*) N cil(zt)) /2D + ( )20, Dy +nK?).

Foly O = Sl g o) = -5 14
I'(Vu) ot \/_ a(t*)g D/A —-nK+1 nC(t")
o —alt) i/ﬂ 5 < o +—5
a0 V2D + () 1)n\/2D, Dy, +nK?).  (3.9)

T T RAEEM, JEE

FIE 3.5 LszgﬁFE (FIIR) B, H 2o € V. W d(x,20) <2R(R>0), % u: VxR —
R K (L — q)u(x,t) = 0 PIIEME, XH T(q) < n? MW WHE G /2 CDE(n, —K), K >0, If4
XPrA t >0,

NGV 2/u at)g —C 2D, a(t)
_ _ < K+D,+1
w DI < G (MK Dt 1) .
1 n
2D, IN\/2D D An K2+ —————
+ C*DH[ e 77 tn (C*Du)’

XHE Ct) = -2 > D,.
B ENERE oV R K

0, d(v,xo) > 2R,
2R —d

$(v) = w, 2R > d(v, ) > R,
1, R > d(v,xg).

il

QF(\/ﬂ)u— alt)u, oz(t)q} _ c(t)qﬁFF(\/a) ; a(t)Au

[2(1 — a(t))T (V) — 20(t)/uA/u
[(1— a(t)Au — Qﬁﬁx/ﬂ . (3.10)

u
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e ¢, WAERKIR V < {t* N G 7E (2%, t*) AR ERME, T H AT AR G (2%, t%) > 0, HETT, t* > 0
H AVu(e, 1) < 0. UFFPARITHERAARAES (o, t) ZIEFTHY. 250 T I PR
&% (a) o(2*) = &, D d(v,20) =2R — 1,

< 2a<t*>c<t*>¢7‘%@§ﬁ;§*) .
3 [2] 74 -
—Ay/u(zx*, t*
TVaee) SO
AT

2D, a(t*)e(t*) < 2D, a(T)c(T) < 2Dua(T)'

< ) <
Gla,T) < Gla" 7)< HHEIA < S0 < 2o
!

&R (b) o(z*) = &, XH s > 2, Bl d(v,z0) = 2R — 5. PLTFEFA R IEIAN BAE R
(z*,t*) AbHEATHY. RTIEE 2.3, & F =% A

() 0 U
L(uH) = —& (Ct(t)*)H +e(t) Kmr(\/a) —4r(ﬁ, gf\(/ﬂ)) + o' () Au — a(t)AL( ))]
57T, % o(a") = 3 B, 4
uw\ N~ wy,t)  ulzt)) 9 (u(z,t)
1(5) —E( ot ) w(er)
Ny ) u(xt)) 1 I
- Z;( S ) e
() et L=
¥< o j 2 (ulan )~ ulen ) + 5o
N (L LY, qu_
_y;(qs(y) )10+ 5
BRI T qu_
= 2|50 " @0t 56 (310
U g(a®) = & B HERE y ~ o, 4 0(y) = S5 5 o(y) = 5. M2 A
’ 1 B 1 R 1
o) o@D = 5

D,u(z,t)G

+B[(1 = a(t)gAu — 2qv/uld/u]. (3.12)
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B =" +nK, fIf] CDE(n, —K) R, 15
d(t*)uG  D,uG = /
0> — e ’;j) + ¢(t)[AT2(Vu) + o (t) Aul

(D20 (v, g/i) + 20V/ulA Vi — Aqu] + B(a(t) — 1)(gAu — Aqu)

+
/
> (C_Du>'ﬁ+cl(Du+1)u
n
+

c 2
c[~nu\/2D,, — (a(t*) — 1)nu\/2D, D] — %u. (3.13)

B 15

(' = apy) |20 o)
<d(nK+ D, +1)+cny/2D, ) — 1)ny/2D, D, +nK? + 4 (3.14)

KR CH)=-<>D, A

F(f) —Oé(t) ai/au a(;)q < C:D# (’I’LK—FDM-‘F 1) + QDMa(t)

L 2D, Y1\/2D, Do+ K2+ nC”
+ c-D, N +(a(t)=1)n +n C-Dy)

JEEE.

A TFE

EX 3.6 % (G,V)FR—1HE, #HE CDE(n, —K) A%, XH K >0. #8¢:V —[0,1]
ML xo € VAL (¢, R)- SRERWTEREL, WRAEES SV E ox) =1, £ 2€S L
¢(x) =0, HAHERE = € S,

(1) Si# o) < 2EERE,

(2) B ¢ 15 v H/MMRNTEAE R ¢°(2)AL(2) < D, ™UHYE) 1 63 ()P (L) (2) < D, 22,
X m=m(n) 15 n X

AT T A

EI’ 3.7 & G(V,E) Nk CDE(n, —K) AELWE, XH K >0. 4 R >0 HEE
zo €V. &K GHEES S CV EHNLL zo MHLH (¢, R)- SREBWTEREL W 2 € S, q(z,t)
ET()<n? A u:VXR—-RHE (L—qulx,t)=0 WiEM T4, M4t >0, H

F(T\/ﬂ),a(t) §’tﬁu a(;f)q < ¢ Dk )4 m(1+ Rg)D#a(T)
+ O%A[" 2D, +(a(t)=1)n\/2D, Dy+nkK?] + (ZCQA),
KL A= D, (4 p ) T+ D, /2D, 5, C(1) = —£ > A,
gLl G
6 = o[ D=0 _ ] [T =00
— ¢(t)o {2(1 - a(t))F(\/ﬂi - 204(75)\/5A\/ﬂ . (3.15)
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Bl ¢, WAEXIR V x t* N G 7E («*, t*) BASHKAE, 1 HATLAR G(x*,t*) > 0, #F1f, t* > 0
H AVu(z*,t7) < 0. T FrA RSN HRAES, (o, ) AIATH. 5 T T i mh i i

% (a) o(er) < 2O 4y
2(1 — a(t)L(va) — 20(t) VA /u

. (@ 1°)
vy~ AV, 1) m(l+ RVE)D,o(T)
< 2a(t*)c(t*)¢ NICRD < 7 £ .
18 (b) &X 3.6 W SRS UTIrA RN RIS (o, ) ARy, e
3.5 fUUEH, &

L<3)G > 7%’ LG +c[2AF(\/_) 4r< o (1 )) + o/ ()Au—a()ALW)|.  (3.17)

G(a", ") = c(t")o

(3.16)

¢ ¢ 2Vu
H—JiH, B3 (2, (4.23)], 15

<Z><+ urt 4o r( ) VT (w). (3.18)

i (3.17) Al (3.18), 1%
cl(1—aflt ))unqu\/_A\/_]+uGA¢+2G I‘( > VT

_c_’ u& ¢ at() o U— m
2 —= 5 + [2AF(\/—) 4F< 2\/_>+ (t)A (t)AL(u)|. (3.19)
B 15
d uG
z ?“FUGAd)-‘rZG F( ) ivah
> c[ATs(vu)+a! () Aul+c[2D (v, gv/u)+2qv/udvu—Aqul+B(a(t*) ~1) (gAu—Aqu)
> (D, + Du+ c[-nu\/2D,, — (a(t*) — 1)nu+/2D,,D,,| — %u. (3.20)

I <2 g b, B (2, (4.25), (4.26)],

d oG + cG¢2A + BG /2¢3r ,/

(1+—R\/_)+CG(1+Dw) 2D, ™[RV

<d¢G+cGD,

R? "R u
R
<G+ eap, ™ +R2\/_ G(1+ Do) y/TH Dy [2Du 7y
— (¢ + cA)G, (3.21)

A:Du(lzifm + (14 D)/ T+ Dy [2D, 75
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B Ot) = —< > AR, i1 (3.16), (3.20) 1 (3.21), &

I'(y/u) iVu _a(t)g c m(1+ RVE)D,a(T)
» —oz(t)a\/a 5 SC_A(DM—nK+1)+ 2
+ﬁ[n 2D, +(« 1)n\/2D, D +nK?+ (TCL'CA)

HEEE.
5] 3.8 [ER 3.4, 3.5 F1 3.7, MW LA (A1) A (A2) BRI c(t), 4 Hh—¥sf 7
(1) B c(t) = e ™", e 3.4 14

—F(f) —(1+ Kt)(w 1

N0 5) < Cy + Cot, (3.22)

B Oy = Dt ok WD o) DDl e 35 3.7 [RSRAT A EI AL (3.22),
KL ) fl o AL
(2) B c(t) = s (KO g (1) < 0, C(t) = K sinh™2(Kt) cosh(Kt). pEH 3.4 15

I'(yu) FVu q>

N
. Du;r 1 N (coth(Kt)Scsch(Kt) n tanh(Kt)sech(Kt) _ 1> nk

— (14 2Kt + sinh™ ' (Kt)) (

tanh (Kt)sech( Kt
+ 2K

HEHE 3.5 Ml 3.7, A[F2{I45 .

/Dy + (2Kt + sinh™ Y(Kt)n D, D,].

4 E_ER) Harnack BIARZER

G, B [11, 5P 5.1) F13C [2, 513 5.3] AUIERAZE &L, 15 55| 2.
S 4.1 MEE a(t) > 0 FMIEE X, q1, 02 [0, T2) = %, &

1 S s T
min 8) — —— tdtJr/ tdt+/ t)dt
s€[T),Ts] X(s) a(t)/s X" (1) " a(t) : q2(1)

f ds fT u)du Ty Ty
- (Ty — Tl) * /
l_% (b - 2fT al dt.
EEJ:L‘?JII@ H*E%Ej( (11, P 5.2] FI3C (2, 3 5.1] AUUERH, 1% N1 Harnack A9
T 4.2 % G=V,E) 3—NE, XF 2o eV, Hze B(zo,R), R>0, BE a(t) > 1,x,
A f:VXR-R, R
I
@) - a)

Mo, MF T <Th He,yeV, H

[Q2 (t) . o(s)ds+ q1(t) qS(s)ds] dt

T t

0
izl

g

(z,1) — a(t)q(e, t) < x(t).
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